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I. INTRODUCTION 
In a recent paper [l] we discussed certain resonant oscillations of the 
Duffing equation 
9;E+n2x-/32=jlFOcosXt (n, /I, F,, , X constants) (1) 
for small 1 p 1 in which the detuning parameter 7 = (h2 - n2)//3 is considered 
fixed. It was established that for small 1 p 1 nearly all solutions of (1) are almost 
periodic and exhibit long-period beats of an otherwise periodic (harmonic) 
response. The exceptional cases are those for which fl is such that the beat 
frequency in turn becomes approximately resonant with (i.e., becomes 
approximately equal to a rational multiple of) the primary response fre- 
quency h. These are second-order resonance cases and, most likely, are 
characterized by second-order beats with frequencies which are small of the 
order of /3”. In this note we establish the existence of certain primary periodic 
responses which are embedded within these general second-order resonant 
oscillations. For small 1 #I 1 these are of the subharmonic type and are omni- 
present at numerous amplitudes. Generally speaking, however, they are 
not the usual subharmonic solutions associated with (l), although the usual 
ones are included, and likewise the existence proof presented here is not of 
the usual perturbational type but appears to be new. 
II. NORMAL TRAJECTORIES 
Following [I], let us introduce in (1) new dependent variables (a, b) satis- 
fying 
x = a cos At + b sin At 
R = - ha sin At + hb cos At, 
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(2) 
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and obtain an equivalent variational system 
2Ada - -_ 
ds 
where 
s =I pt, Aa = a2 + ba, 




- [T+qA”+$(T-a2)] bcos2X$ 
+ i (f - ba) a sin 4h + + $ (JJ- - a21 b cos 4h +, 
f2(a,b,f)=[q+$A2+$(a2--q)] bsin2; 
+ [q+fA2+$(-$-b2) +$] acosU+ 
+a($- ) b2 a cos 4h +- + $ (a2 - qj b sin 4h -5 . 
B 
We shall consider trajectories of this system which emanate from points 
along the a-axis for s = 0 and intersect the a-axis at least once again for 
positive s. (It is not necessary for the intersections to be consecutive.) These 
trajectories will be called normal trajectories. In general, the elasped time d 
associated with two intersections of the a-axis with a normal trajectory 
will depend upon the parameter /3 and upon, say, the initial point a = CY, 
b = 0. 
III. A GENERAL EXISTENCE THEOREM 
Concerning normal trajectories we have the following general result. 
THEOREM. If for some nonzero integer m and some normal trajectory, the 
condition 
2AA/j3 = m7r (4 
is satisfied, then the normal trajectory is a periodic solution of (3). 
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PROOF. It is readily verified that the system (3) is invariant under the 
substitution b + - 6, s + - s. Thus, it follows that the portion of any 
normal trajectory mapped out for s negative is the reflection in the u-axis 
of the portion mapped out for s positive. Under the condition (4) then, that 
portion of a normal trajectory mapped out for s between - d and + d 
closes on itself in precisely a period of the system (3). Such a trajectory is 
necessarily periodic, as stated. 
Though the condition (4) limits consideration to rather select values of LY 
and of 8, it none the less characterizes a great many periodic solutions. For 
example, if the initial point is held fixed, one could anticipate using (4) 
to calculate specific values of /3 corresponding to periodic solutions which, in 
turn, pass through the given initial point. So long as A remains bounded and 
is bounded away from zero, there will exist for each m at least one such 
value /3 satisfying the condition (4). Alternatively, for a fixed value of ,3 one 
could anticipate using (4) to determine initial points for corresponding 
periodic solutions. In this circumstance, (4) may be viewed as a “determining 
equation” [2] for periodic solutions of the system (3). Constructive existence 
theorems of this sort will be discussed elsewhere. Here, we shall limit further 
considerations to the perturbational case corresponding to small values of 1 p 1. 
IV. THE PERTURBATIONAL CASE 
For small I/3 1 the solutions of (3) are known [I] to follow closely those of 
the average system (with fi and f2 removed) and on any finite interval in s 
to converge uniformly to those of the average system as /3-+ 0. Thus, 
approximate values of the elasped time A for small I/3 1 may be obtained 
directly from the averaged system. 
The averaged system possesses an integral 
[7) + &42] A2 + 2Fsa = c, (c constant) (5) 
which represents one or more families of periodic trajectories. Each of these 
trajectories is a simple closed curve which intersects the u-axis exactly twice. 
Thus, if a = 01 is considered the abscissa of one of these intersections, then 
for small (/3 I th ere exists a family of normal trajectories of (3) with the 
common initial point a = 01, b = 0 and such that the corresponding elasped 
times tend (as /? + 0) to an (arbitrary, but fixed) integral multiple K of the 
half-period of the averaged trajectory passing through a = 01, b = 0. Let us 
denote the latter half-period by PC/2 and consider A = A(c, ,t?) a function 
of c and /3, rather than of a! and /3. Then, we have 
lii A(c, ,8) = kP,/2. (6) 
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Hence, condition (4) is necessarily satisfied by select values of ,8, given appro- 
ximately by the formula 
provided ] /3 1 is sufficiently small. On the other hand, for fixed values of 
c and K the right hand member of (7) is small (in absolute value) if the integer 
/ m 1 is large. Consequently, the existence of periodic solutions corresponding 
to ] m 1 large is guaranteed by the general existence theorem of Section III. 
Since I m j in (4) represents the number of fundamental half-periods of the 
forcing function spanned by a single half-period of the response, these 
periodic solutions are of the subharmonic type. 
Finally, we note that (7) corresponds to the exceptional cases which are not 
encompassed by the existence theorem of [I]. When (7) is approximately 
satisfied, the beat frequency and the impressed frequency are approximately 
commensurable. 
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